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Abstract
We construct a supersymmetric left–right model in four dimension with gauge-Higgs unification starting from a SU(3)c ×
SU(4)w ×U(1)B−L gauge symmetry in five dimension. The model has several interesting features, such as, the CKM mixings
in the quark sector are naturally small while for the neutrino sector it is not, light neutrino masses can be generated via the
seesaw mechanism in the usual way, and the model has a U(1)R symmetry which naturally forbid dimension five proton decay
operators. We also discuss the grand unification of our model in SO(12) in five dimensions.
 2003 Published by Elsevier Science B.V. Open access under CC BY license.1. Introduction
Recent topics of the theories in higher dimensions
give us a lot of interesting phenomenological pictures.
One of the most attractive motivations of extension of
dimensions is that the variety of particles in Nature can
be understood by means of a geometrical language.
For example, gauge fields with the coordinate for the
extra dimensions behave as scalar fields in 4 dimen-
sion. Since masses of the gauge bosons are prohibited
by gauge invariance, the scalar field originated from
gauge bosons can be a good candidate of the low en-
ergy Higgs fields, which breaks electroweak symme-
try. That leads to the idea of the gauge-Higgs unifi-
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Open access under CCcation in the higher-dimensional theories [1–3]. Re-
cent realization of the phenomenological models in
higher dimensions makes us encourage to revisit the
idea [4–7].
We consider that the extra dimensions are com-
pactified in an orbifold in order to make chiral the-
ories in 4D, since 5D fermions include both chiral-
ity in 4D language. In an orbifold space, such as
S1/Z2, we can impose boundary conditions at the
folding places, and the gauge symmetry can be bro-
ken through these boundary conditions [2,8]. Recently,
a great deal of works has been done on the gauge
symmetry breaking using the orbifold boundary con-
ditions, and these lead to many attractive features of
the unified gauge theories in higher dimensions [9,10].
Using the orbifold boundary condition, we can project
out unwanted fields such as colored Higgs triplets
in the grand unified theories [9]. In such a progress
of the higher-dimensional unified theories, interest-
ing ideas of gauge-Higgs unification are suggested. In BY license.
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gauge multiplet contains both vector multiplet and chi-
ral supermultiplet in 4D. Assigning the different Z2
parity between vector multiplet and chiral supermulti-
plets, we can make vector multiplet massless but chi-
ral supermultiplets heavy, which means the supersym-
metry is broken. If we break gauge symmetry through
boundary condition simultaneously, a part of the chiral
supermultiplets can have a zero mode which remains
massless in the low energy. Then, we can identify such
a supermultiplet with the low energy Higgs field. This
is the main idea of the gauge-Higgs unification which
we consider in this Letter. This idea was realized in the
6D N = 2 supersymmetric theories [5], and more re-
cently in the 5D N = 1 supersymmetric theories [6,7].
The latter scenario gives us an interesting possibility
that the gauge and Yukawa coupling constants have
the same origin. Since the Yukawa interactions arise
from the gauge interaction in the 5D Lagrangian, those
two coupling constants are “unified” in the 5D the-
ory. This is a very interesting feature of the 5D gauge-
Higgs unified scenario. In Ref. [6], the authors consid-
ered the theory of SU(3)w and SU(6) as an example of
the scenario, but in their models, there are many un-
wanted fields in the matter hypermultiplets. In order
to make the unwanted fields heavy, they need many
brane-localized fields for each generation. The brane
fields are actually needed to cancel the gauge anomaly
in the 4D theory which arises from the zero modes of
bulk hypermultiplets, and that means it is not easy to
understand the anomaly free structure in their models.
In Ref. [7], the authors consider the gauge-Higgs uni-
fication in larger gauge group such as E6, E7 and E8.
In this Letter, we construct a supersymmetric left–
right model, SU(3)c × SU(2)L × SU(2)R ×U(1)B−L
in 4D [11,12] with gauge-Higgs unification. We point
out that we are unifying the gauge fields with only
the Higgs multiplets which give masses to the stan-
dard model fermions. We start with a supersymmet-
ric model with the gauge group SU(3)c × SU(4)w ×
U(1)B−L in 5D. The SU(4)w gauge symmetry is bro-
ken down to SU(2)L × SU(2)R × U(1)X by orbifold
boundary condition, and then the gauge symmetry in
4D become left–right symmetric gauge group with ex-
tra U(1)X symmetry (U(1)X is broken to nothing us-
ing suitable brane interactions). In this model, no un-
wanted zero modes arise from the matter hypermul-
tiplets. It is easy to see the anomaly free structure,and this structure naturally give rise to even number
of families of the matter hypermultiplets. The left–
right symmetric construction gives us a good picture
to the scenario of the 5D gauge-Higgs unification. Our
model naturally leads to small CKM mixings in the
quark sector, while in the neutrino sector, mixing can
be large. The model is nicely grand unified in SO(12)
in 5D.
Our Letter is organized as follows: in Section 2, we
construct our supersymmetric SU(4)w model in 5D
with gauge-Higgs unification and show how orbifold
compactification leads to left–right symmetric model
in 4D. In Section 3, we discuss the quark and lepton
mass matrices and mixings in our model and various
other features. Grand unification of our model in
SO(12) is contained in Section 4. Section 5 has our
conclusions and discussions.
2. Gauge-Higgs unification in SU(4)w gauge
theory
In this section, we discuss the construction of the
gauge-Higgs unification in 5D N = 1 supersymmetric
theory based on the gauge group SU(3)c × SU(4)w ×
U(1)B−L. We will consider S1/Z2 orbifold, which
is constructed by identifying the coordinate of the
fifth dimension, y , under two parity transformations:
Z2 :y→−y and Z′2 :y ′ → −y ′, where y ′ = y + πR.
The orbifold space is regarded as a interval [0,πR]
and 4-dimensional walls (we call 4D wall brane) are
placed at the folding point y = 0 and y = πR. The
5D N = 1 supersymmetric theory corresponds to 4D
N = 2 supersymmetric theory. In 4D language, the
N = 2 gauge multiplet contains one N = 1 vector
multiplet V (Aµ,λ) and one N = 1 chiral multiplet
Σ(σ + iA5, λ′). The boundary conditions at 4D walls
are given as
(
V
Σ
)(
xµ,−y)= ( PVP−1−PΣP−1
)(
xµ, y
)
,
(1)
(
V
Σ
)(
xµ,−y ′)= ( P ′VP ′−1−P ′ΣP ′−1
)(
xµ, y ′
)
,
where P and P ′ acts on gauge space. Then 4D
N = 2 supersymmetry is broken down to N = 1
supersymmetry and non-trivial P and P ′ breaks gauge
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the vector multiplets has Z2 ×Z′2 parity as (+,+) for
unbroken gauge symmetry, and (−,−) for broken one
G/H . On the other hand, for the chiral multiplet, the
signature of the parity is opposite. Since only (+,+)
components have massless modes, the chiral multiplet
Σ for the broken generator remains massless. We
identify the massless chiral multiplet as Higgs field to
break electro-weak symmetry SU(2)L×U(1)Y .
We will apply this 5D gauge-Higgs unification
scenario to left–right model. We consider SU(3)c ×
SU(4)w × U(1)B−L symmetry as the bulk gauge
symmetry. We need this U(1)B−L. The reason is that
after the orbifold breaking of SU(4)w, although we
get an U(1)X, it does not have the right B − L
quantum numbers as required by the bi-doublet Higgs
in the left–right theory. The boundary condition breaks
SU(4)w down to SU(2)L × SU(2)R × U(1)X on the
4D walls, if we use P = P ′ = diag(1,1,−1,−1). The
SU(4) adjoint is decomposed as
(2)
15= (3,1)0 + (1,3)0 + (1,1)0 + (2,2)2 + (2,2)−2,
where the numbers in the subscripts represent U(1)X
charges. The two bi-doublets correspond to the bro-
ken generator, and their Σ components of the gauge
multiplet remain massless after the compactification.
These can be identified to be the bi-doublet Higgs re-
quired to gives masses to the fermions in the left–right
symmetric theory, and in our model, they originate
from the gauge supermultiplet. We define the hyper-
charge as Y ≡ T 3R + (B −L)/2, where T 3R is a genera-
tor for SU(2)R . The B − L charges of the bi-doublets
are zero since those ones come from SU(4)w gauge
multiplet. Thus those bi-doublet quantum numbers are
same as the ones needed in the left–right model. Since
we do not need the U(1)X symmetry at low energy,
we will breakU(1)X without mixing with SU(2)R and
U(1)B−L. To do that, we add the brane fields z and z¯,
which have +1 and −1 U(1)X charge and are singlets
for the other symmetry.
Next we consider the matter fields. The matter
fields should be bulk fields in the scenario of 5D
gauge-Higgs unification since the chiral superfield Σ
transforms non-linearly under 5D gauge transforma-
tion and we cannot make Yukawa coupling with the
chiral field Σ at 4D walls. So the matter fields are
N = 2 hypermultiplets (Ψ,Ψ c), where the Ψ andΨ c are the N = 1 chiral multiplets. If we take this
non-conjugated field Ψ as fundamental representa-
tion under SU(4)w (conjugated field Ψ c is the anti-
fundamental), then Ψ and Ψ c are decomposed as
(3)Ψ = (2,1)1 + (1,2)−1,
(4)Ψ c = (2,1)−1 + (1,2)1.
The boundary condition is given as follows:
Ψ
(
xµ,−y)= sPΨ (xµ, y),
(5)Ψ c(xµ,−y)=−sPΨ c(xµ, y),
Ψ
(
xµ,−y ′)= sP ′Ψ (xµ, y ′),
(6)Ψ c(xµ,−y ′)=−sP ′Ψ c(xµ, y ′),
where s = ±1. In the case where s = 1, (2,1)1 and
(1,2)1 have (+,+) parity and others have (−,−),
and in the case where s = −1, the parity charges
are opposite. With this boundary condition, we ob-
tain the left- and right-handed quarks and leptons
assigning appropriate color andB−L charges. Choos-
ing s = 1, we have one family of quarks and lep-
tons, which are the massless, in the representations
(SU(3)c,SU(2)L,SU(2)R)U(1)B−L,U(1)X :
QL: (3,2,1)1/3,1, QcR :
(
3∗,1,2
)
−1/3,1,
(7)$L: (1,2,1)−1,1, $cR: (1,1,2)1,1.
It is important to notice that gauge anomaly with
respect to U(1)X arises such as SU(3)2c × U(1)X,
SU(2)2L,R × U(1)X, and U(1)3X. To cancel the anom-
aly, we need one more family with s = −1. In other
words, fixing s = 1, we need both (3,4)1/3 and
(3,4∗)1/3 for quark non-conjugated fields, and need
both (1,4)−1 and (1,4∗)−1 for lepton non-conjugated
fields in the representation (SU(3)c,SU(4)w)U(1)B−L .
This gives an interesting feature of this model: the
number of the generation is even. We note that it is
possible that the U(1)X anomaly can be canceled by
introducing appropriate brane fields. However, since
we have to make those brane fields heavy by folding
Dirac mass with another multiplets, this possibility is
not economical. This U(1)X gauge anomaly gives us
a strong constraint to construct a model.
We now discuss the coupling among the matter
fields Ψ , Ψ c and the chiral multiplet Σ . The action
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S5D =
∫
d4x dy
(8)
×
[∫
d4θ
(Ψe−V Ψ +Ψ ceV Ψ c)
+
(∫
d2θ Ψ c
(
∂5 − 1√
2
Σ
)
Ψ + h.c.
)]
,
and the “superpotential” term gives us the Yukawa
coupling in the 4D theory. Naming the (2,2)−2 and
(2,2)2 in the Σ multiplet as Φ1 and Φ2 respectively,
we obtain the following Yukawa coupling for quark:
S4D =
∫
d4x
∫
d2θ
× (y1Q(0)+LΦ(0)1 Qc(0)+R + y2Q(0)−LΦ(0)2 Qc(0)−R )
(9)+ h.c.,
where we denote that Q±L and Qc±R having ±1
charge for U(1)X symmetry, and the subscript (0) as
the zero modes. Yukawa couplings for leptons are also
written in the same way. We can see that the Yukawa
coupling constants y1 and y2 originate from gauge
coupling, and thus, the Yukawa and gauge couplings
have the same origin. This is the most interesting
feature of the 5D gauge-Higgs unification scenario.
However, then we find that the Yukawa couplings
for all the families have the same values and equal
to the gauge coupling. Observation excludes such a
situation for the first and second family, and we need
to solve the problem. The problem can be solved by
introducing bulk masses for the hypermultipletsΨ and
Ψ c such as
(10)S =
∫
d4x dy
[∫
d2θ M(y)Ψ cΨ + h.c.
]
,
where M(y) =M(+(y)+ +(πR − y))/2 and +(y) is
a step function. With this bulk mass, the zero-mode
wave functions of the fermions localize at 4D walls.
If we choose M < 0, the zero-mode wave function of
Ψ localizes at y = 0 with a profile e−|M|y , and for
Ψ c , the zero-mode localizes at y = πR with profile
e|M|(y−πR). Then we find that the Yukawa couplings
are different from 4D gauge coupling g such as
(11)y = πR|M|
sinh(πR|M|)g.Therefore, if |M|R is larger than 1, the Yukawa
couplings are exponentially suppressed, and thus we
can obtain the hierarchical fermion masses.
In this section, we have constructed the 5D gauge-
Higgs unification model in the context of our SU(4)w
gauge theory. In this 5D scenario, not only the low
energy Higgs fields come from gauge multiplet, but
also the Yukawa couplings originate from gauge in-
teraction. The fermion mass hierarchy is generated
by the bulk masses of the matter fields. But still, we
do not have generation mixing for the quarks since
the Yukawa couplings come from gauge interactions
which do not produce such mixings. We will see how
the family mixings are generated in the next section.
3. Quark and lepton mass matrices
In this section, we will investigate the quark and
lepton mass matrices of our SU(4)w model. We recall
that number of generation of this model should be even
number because of U(1)X gauge anomaly. We will
consider 4-generation model here. The two of the 4
generations have +1 charge for U(1)X and the others
have −1 charge.
We introduce chiral superfields QL, QcR , $¯L and
$¯cR on the 4D walls. The quantum numbers (SU(3)c,
SU(2)L,SU(2)R)U(1)B−L,U(1)X of those fields are the
following:
QL
(
3∗,2,1
)
−1/3,0, QcR(3,1,2)1/3,0,
(12)$¯L(1,2,1)1,0, $¯cR(1,1,2)−1,0.
Then we will have the following superpotential terms
for quark:
S =
∫
d4x dy
(
δ(y)+ δ(y − πR))
(13)
×
[∫
d2θ
((
zQ1L + z¯Q2L + zQ3L + z¯Q4L
)QL
+ (zQc1R + z¯Qc2R + zQc3R + z¯Qc4R )QcR)
+ h.c.
]
,
where z and z¯ are the chiral superfields which have
±1 U(1)X charge and singlet for the other symme-
try. The superscripts 1, 2, 3, 4 denote the family in-
dices. We also have similar superpotential terms for
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break U(1)X symmetry, generate flavor mixings and
make the 4th family heavy. From Eqs. (9) and (13),
the 5 × 5 quark mass matrices for left-handed quarks
(Q1L,Q
2
L,Q
3
L,Q
4
L,
QcR) and right-handed quarks
(Qc1R ,Q
c2
R ,Q
c3
R ,Q
c4
R ,
QL) are obtained to be
Mu,d =

 Mu,d
a1
a2
a3
a4
a′1 a′2 a′3 a′4 0

 ,
(14)Mu,d = diag
(
y1κ
u,d
1 , y2κ
u,d
2 , y3κ
u,d
1 , y4κ
u,d
2
)
,
where κu,da (a = 1,2) are the vacuum expectation
values of Φa such as
(15)〈Φa〉 =
(
κua 0
0 κda
)
,
and ai and a′i are the vacuum expectation values of
z and z¯ multiplied by order 1 factors. There is an
ambiguity how to select which generation gets mass
by Φ1 or Φ2, but two of the generations should get
masses byΦ1 and the other two byΦ2. The parameters
ai (a
′
i ) for the up-type and down-type quarks are
same because up- and down-type quarks are in the
same multiplets QL (QcR). If we assume the left–right
symmetry QiL ↔ Qci∗R and QL ↔ Qc∗R in the same
way as ordinary 4D left–right symmetric model, we
have a′i = a∗i and the mass matrices are hermitian.
We now calculate the mass eigenvalues of the mass
matrices given in Eq. (14). We assume that ai ’s are
much larger scale than yiκu,da . Then, one of the 4
generations decouples around U(1)X breaking scale
and the other 3 generations remain at weak scale. We
find that weak scale quark masses, assuming y1κ1,
y2κ2  y3κ1  y4κ2,
mt,b =
√
|a1|2 + |a2|2 + |a3|2
|a1|2 + |a2|2 + |a3|2 + |a4|2
(16)
×
√
|a′1|2 + |a′2|2 + |a′3|2
|a′1|2 + |a′2|2 + |a′3|2 + |a′4|2
y4κ
u,d
2 ,
mc,s =
√
|a1|2 + |a2|2
|a1|2 + |a2|2 + |a3|2
√
|a′1|2 + |a′2|2
|a′1|2 + |a′2|2 + |a′3|2
(17)× y3κu,d1 ,mu,d =
∣∣∣∣ a∗1√|a1|2 + |a2|2
a′1√
|a′1|2 + |a′2|2
y2κ
u,d
2
(18)
+ a
∗
2√|a1|2 + |a2|2
a′2√
|a′1|2 + |a′2|2
y1κ
u,d
1
∣∣∣∣.
Since the mass discrepancy of the up- and down-
type quarks comes from the difference of κua and κda ,
the masses of third and second family should come
from different Φa ; otherwise, unacceptable relation
appears such as mc/mt =ms/mb. The similar relation
between first and second generation (or first and third
generation) can appear, so we have assumed y1κ1 ∼
y2κ2.
Next we investigate the Cabibbo–Kobayashi–Mas-
kawa (CKM) angles. We define the 4 × 4 unitary
matrix U and U ′ such that
(a1, a2, a3, a4)U = (0,0,0, a),
(19)(a′1, a′2, a′3, a′4)U ′ = (0,0,0, a′),
where a =
√∑
i |ai|2, and a′ =
√∑
i |a′i|2. The uni-
tary matrices mix the families largely. However, since
these mixing matrices are the same for the up- and
down-type quarks, the large mixings do not contribute
to the CKM matrix. After removing the non-physical
large mixing, we have the quark mass matrices:
(20)M′u,d =

U
†Mu,dU ′
0
0
0
a
0 0 0 a′ 0

 .
Having 4th generation decoupled, we obtain the 3-ge-
neration quark mass matrices:
(21)(mu,d)ij =
[(
U†Mu,dU ′
)
ij
]
i,j=1,2,3.
We can easily calculate the expression of the matrices
explicitly, but here we show the approximate structure
of the matrices:
(22)mu,d ∼
(
mu,d mu,d mu,d
mu,d mc,s mc,s
mu,d mc,s mt,b
)
.
From Eq. (22), we obtain the CKM angles approxi-
mately:
Vus O(1)md
ms
, Vcb O(1)ms
mb
,
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.
The O(1) factors are the functions of the parameters
ai and a′i . We spoil the good relation for Cabibbo
angle Vus  √md/ms , but still we can fit all the
CKM angles and quark masses to the observed values
by choosing the parameters such as ai and a′i . It
is worth noting here that smallness of the CKM
angle is automatically derived if we have hierarchical
Yukawa coupling in the diagonal elements. We do not
need to assume the hierarchical coupling in the brane
interaction in Eq. (13), thanks to unification of up-
and down-type quarks via the gauge-Higgs unification.
Furthermore, since we use the exponential profile
of the fermion localization to derive the Yukawa
hierarchy, we do not need any small numbers in the
fundamental theory to derive the quark mass structure.
Now we briefly discuss the lepton sector. We can
construct the charged lepton mass matrix and Dirac
neutrino mass in a way similar to the quark sector. To
have the Majorana mass for the right-handed neutrino,
we introduce SU(2)R triplet Higgses ∆ (1,1,3)2,0
and ∆ (1,1,3)−2,0 whose vacuum expectation values
break SU(2)R × U(1)B−L down to U(1)Y . Giving
appropriate coupling permitted by U(1)X symmetry,
we introduce the brane superpotential term at y = 0,
(24)δ(y)
[∫
d2θ
(
fij ∆$ciR $cjR +∆$¯cR$¯cR
)+ h.c.],
where some elements of the coefficient fij should
be zero because of U(1)X symmetry. The brane su-
perpotential term generates Majorana mass term for
the right-handed neutrino in 4D, and gives small neu-
trino masses for the light neutrinos through the seesaw
mechanism. If the right-handed leptons are localized
at y = 0 by appropriate bulk masses, the Majorana
mass matrix does not have hierarchical structure. If the
eigenvalues of the Majorana mass matrix do not have
hierarchy, the neutrino mass after seesaw will be the
squared-hierarchy, for example, mν2 :mν3  m2c :m2t .
Thus, considering recent experiment of atmospheric
and solar neutrino oscillation, we need a hierarchical
structure in the Majorana mass matrix. If the right-
handed leptons are localized at y = πR and the brane
interaction is introduced only at y = 0, the Majorana
mass matrix can have a hierarchical structure. The
large mixing angles for neutrino oscillation can be
originated from this Majorana mass structure. We notethat the 4th generation lepton mass (which we call a
in the quark sector) should be large enough, so the 4th
neutrino mass after seesaw should be higher than weak
scale.
Finally, we will make a comment about unification
of gauge and Yukawa couplings.2 Noting that the ef-
fective top Yukawa coupling in 4D is always smaller
than 4D gauge coupling at 1/R scale, we have to con-
sider additional brane-localized gauge kinetic terms
or the RG evolution of the SU(2)L gauge coupling
and top Yukawa coupling. We mention about the lat-
ter case. Since left–right models has one more set
of Higgs doublets rather than MSSM and we have
(heavy) 4th generation in our model building, the ab-
solute value of beta function for SU(2)L is larger than
MSSM. Thus, we can easily make the gauge coupling
at 1/R large enough to produce the observed value
of the top quark mass. We make one more comment
about bottom-tau ratio. Since down-type quark and
charged lepton are not unified at this stage, there is
no reason Yukawa couplings for bottom and tau are
unified at 1/R scale. But still, it is interesting that we
have a possibility to realize the bottom-tau ratio, since
all the 5D Yukawa couplings are unified.
4. Possible unified models
In this section, we will consider possible unified
model of the SU(4)w theory which we have discussed.
Our model fits nicely in a SO(12) unification. It is
well known that ordinary 4D left–right symmetric
model can be embedded in the SO(10). However,
our left–right model cannot embedded in SO(10)
since the gauge symmetry of our model is SU(3)c ×
SU(4)w × U(1)B−L, which rank is 6. Furthermore,
the SO(10) adjoint 45 does not include uncolored bi-
doublet Higgs, and the 45 does not include MSSM
doublet Higgs neither. Thus, we cannot construct the
gauge-Higgs unification in SO(10) scheme. We also
comment that E6 adjoint includes the MSSM Higgs
doublets, but does not include bi-doublet for left–right
models.
2 The numerical calculation of gauge and Yukawa unification in
a 4D model is demonstrated in the Ref. [14].
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ily unified to the SU(4)c as in the Pati–Salam model
[11], we can consider gauge-Higgs unification sce-
nario in SU(4)c × SU(4)w model.3 The bi-doublet
Higgs fields are included in the 4D N = 2 gauge
multiplet of SU(4)w again, and the boundary condi-
tions are given in the same way as in Eq. (1). All
quarks and leptons are embedded in the hypermul-
tiplet of (4,4) representation. To cancel the U(1)X
anomaly, we need both (4,4) and (4,4∗) in the same
way as we have discussed before, and the number of
generation of the bulk fields should be again even.
Those bulk matter multiplets do not include any un-
wanted fields. After orbifolding, the theory become
Pati–Salam model (with U(1)X symmetry), and the
quarks and leptons are unified into one multiplet in
each chirality. We can also break SU(4)c down to
SU(3)c×U(1)B−L through boundary condition, if we
choose P = (1,1,1,1) and P ′ = (1,1,1,−1) with re-
spect to SU(4)c gauge space. Here we take P = P ′
since we do not want to make colored Higgs massless.
The SU(4)c × SU(4)w gauge theory can be unified
into a SO(12) gauge theory. In order to realize the
gauge-Higgs unification in the 5D SO(12) theory, we
use the boundary conditions for 4D N = 2 gauge
multiplet (V ,Σ)(
V
Σ
)(
xµ,−y)= ( PV P−1−PΣP−1
)(
xµ, y
)
,
(25)
(
V
Σ
)(
xµ, y + 2πR)= ( T V T −1
TΣT −1
)(
xµ, y
)
,
and for N = 2 hypermultiplets (Ψ,Ψ c),
Ψ
(
xµ,−y)= PΨ (xµ, y),
(26)Ψ c(xµ,−y)=−PΨ c(xµ, y),
Ψ
(
xµ, y + 2πR)= T Ψ (xµ, y),
(27)Ψ c(xµ, y + 2πR)= TΨ c(xµ, y).
We take that P breaks SO(12) down to SO(10) ×
U(1)X , and T breaks SO(12) down to SU(4)c ×
SU(4)w . The adjoint representation 66 of SO(12) is
3 The supersymmetric SU(4)c × SU(4)w in 5D is also discussed
in the Ref. [15].decomposed as
66= 10 + 450 + 102 + 10−2, SO(10)×U(1)X,
(28)
66= (15,1)+ (1,15)+ (6,6), SU(4)c × SU(4)w.
For the N = 1 vector multiplet V , the P and T should
be assigned as P,T = + for unbroken generators
and P,T = − for the broken ones. Since the gauge
fields for the broken generator become massive for
each decomposition, the SO(12) is broken down to
SU(4)c × SU(2)L × SU(2)R × U(1)X as a result.
The vector multiplet V and chiral scalar field Σ
are decomposed into the Pati–Salam gauge symmetry
(with U(1)X) with (P,T ) signature in the following:
V = (1,1,1)(+,+)0 + (1,3,1)(+,+)0 + (1,1,3)(+,+)0
+ (6,2,2)(+,−)0 + (15,1,1)(+,+)0
+ (1,2,2)(−,+)2 + (1,2,2)(−,+)−2
(29)+ (6,1,1)(−,−)2 + (6,1,1)(−,−)−2 ,
Σ = (1,1,1)(−,+)0 + (1,3,1)(−,+)0 + (1,1,3)(−,+)0
+ (6,2,2)(−,−)0 + (15,1,1)(−,+)0
+ (1,2,2)(+,+)2 + (1,2,2)(+,+)−2
(30)+ (6,1,1)(+,−)2 + (6,1,1)(+,−)−2 .
Then we find that, for the chiral superfield Σ , only
SU(4)c-singlet bi-doublets have zero modes and those
bi-doublets can be identified as low energy Higgs
fields and their Yukawa couplings with matter fields
come from gauge interaction in the same way as Sec-
tion 2. The matter hypermultiplets are given as 32 and
32′ representation of SO(12). Those representations
are decomposed into
32= 161 + 16∗−1, SO(10)×U(1)X,
(31)32= (4,4)+ (4∗,4∗), SU(4)c × SU(4)w,
32′ = 16−1 + 16∗1, SO(10)×U(1)X,
(32)32′ = (4,4∗)+ (4,4∗), SU(4)c × SU(4)w.
Taking the P and T appropriately, the hypermulti-
plets (Ψ,Ψ c) for 32 are decomposed into SU(4)c ×
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Ψ32 = (4,2,1)(+,+)1 +
(
4∗,1,2
)(+,−)
1
(33)+ (4∗,2,1)(−,−)−1 + (4,1,2)(−,+)−1 ,
Ψ c32 =
(
4∗,2,1
)(−,+)
−1 + (4,1,2)(−,−)−1
(34)+ (4,2,1)(+,−)1 +
(
4∗,1,2
)(+,+)
1 ,
and for the hypermultiplet 32′
Ψ32′ = (4,2,1)(+,+)−1 +
(
4∗,1,2
)(+,−)
−1
(35)+ (4∗,2,1)(−,−)1 + (4,1,2)(−,+)1 ,
Ψ c32′ =
(
4∗,2,1
)(−,+)
1 + (4,1,2)(−,−)1
(36)+ (4,2,1)(+,−)−1 +
(
4∗,1,2
)(+,+)
−1 .
Then we find that only (4,2,1)±1 and (4∗,1,2)±1
in which all the left- and right-handed quarks and
leptons are included have massless zero modes. Here
again, we encounter the U(1)X anomaly if we have
only 32 but not 32′, vice versa. Since each 32 and
32′ gives one generation of fermions, the number of
generation which comes from bulk hypermultiplets
is even number as a result. The generation mixings
for quark and lepton are introduced by adding brane
fields in the same way as Section 3. We note that
this SO(12) unification gives one version of realization
of gauge-Higgs unification in the 4D SO(10) gauge
theory. The SO(10)×U(1)X decomposition of SO(12)
adjoint 66 includes two vector representation 10,
which can be identified to the Higgs fields in the 4D
SO(10) unified models. The 10’s include bi-doublets
Higgses for left–right model (or we should say Pati–
Salam model), and the colored partners are projected
out by using another boundary condition T . Since
extra U(1)X symmetry does not mix with electroweak
gauge sector, the weak mixing angle prediction is
same as in ordinary SO(10) theory that the gauge
symmetry is broken down to Pati–Salam symmetry,
if we neglect the brane-localized gauge kinetic terms
with large cutoff scale. Though all the fermions are
unified in spinor representations, the left- and right-
handed fermions are separated to the non-conjugated
and conjugated chiral superfields Ψ and Ψ c in our
construction.
We make a comment about another possible unified
gauge group of our SU(3)c×SU(4)w×U(1)B−L. One
can consider the unified gauge group such as SU(7)or SU(8). However, those extensions of our model
are not straightforward, since we have to care about
U(1)X anomaly. We have to have both (3,4)1/3 and
(3,4∗)1/3 for the quark representation to cancel the 4D
U(1)X anomaly, but it seems difficult to make both
with correct B − L charges in the decomposition of
SU(7) representation. In SU(8) case, we do not have
to care about B − L charge, but still it is difficult to
make anomaly free set of zero modes. For all that,
we can make the U(1)X anomaly free by introducing
appropriate brane fields, but that is not a simple
extension of our SU(4)w models.
5. Conclusion and discussion
We have considered the 5D supersymmetric
SU(4)w gauge theories. The gauge group SU(4)w is
broken down to left–right symmetric gauge symme-
try SU(2)L × SU(2)R × U(1)X by orbifold boundary
conditions, and the model is reduced to supersymmet-
ric left–right model (or Pati–Salam model) with ex-
tra U(1)X in 4D. In building the model, we employ
a scenario of gauge-Higgs unification suggested in
Ref. [6]. In this scenario, the Higgs fields which break
electroweak gauge symmetry are unified to the gauge
sector in the 4D N = 2 supermultiplet. Furthermore,
the 4D Yukawa interactions, which we need in order
to give masses to the fermions by Higgs mechanism,
arise from gauge interaction in 5D Lagrangian. This
is the most interesting feature of this type of gauge-
Higgs unification. The smallness of the 4D Yukawa
coupling constants for 1st and 2nd generations can
be understood by the fermion localization along the
5D coordinate: the left- and right-chiral fermions are
separated to the different 4D walls. Since the local-
ization of the fermion gives us a exponential profile
with respect to the 5D coordinate, it is easy to realize
the smallness of the coupling for the 1st family. The
model-building, in which we employ that the Yukawa
coupling originates from gauge coupling in 5D, leads
us naturally to the world in which the standard gauge
group in 4D is unified in larger gauge group in higher
dimension.
The usual left–right symmetry, which is embedded
in SO(10) gauge symmetry for example, helps us to
understand why CKM matrix is close to the identity
matrix. Actually, the CKM matrix is exactly same
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in supersymmetric left–right model (only one 10
Higgs in SO(10) model). Furthermore, the quark mass
ratios are same between up- and down-type quark,
for example, mc/mt = ms/mb, if we have only one
Higgs multiplet in the models. Since those things do
not match to observation, we have to add at least
one more Higgs into the models. It is interesting
that two Higgs multiplets are contained in the gauge-
Higgs unification scenario. However, in ordinary 4D
construction of the left–right models with two Higgs
multiplets, we spoil the reason that the CKM matrix is
close to identity matrix if the two Yukawa couplings
with two different Higgs are general. Thus, many
people consider texture assumptions of the Yukawa
couplings or flavor symmetries in order to justify the
small CKM angles. In our model in this Letter, we do
not need such a texture or flavor symmetry to explain
the smallness of the CKM angles as we have seen
in Section 3. The reason is in the following: the 4D
Yukawa interaction which arise from gauge interaction
in 5D is flavor diagonal. Though the generation
mixing is caused from brane interaction, the brane
interaction does not make large mixing angle to the
CKM matrix because of the left–right symmetry even
if the generation mixing of the bulk hypermultiplets is
large for each up- and down-type quarks. Eventually,
the CKM matrix is close to identity matrix, as long
as the quark masses are hierarchical. The quark mass
hierarchy can be obtained from fermion localization.
This is one of the interesting feature of our left–right
model with gauge-Higgs unification.
One more interesting feature of our SU(4)w model
is that particle contents of the zero modes in the
matter hypermultiplets are enough and sufficient to
construct 4D left–right symmetric model (or Pati–
Salam model). We do not have to add brane fields
to cancel 4D gauge anomaly. Instead, each fermion
family has to have a pair with opposite U(1)X charge
to cancel 4D U(1)X gauge anomaly. This leads to
the number of families of bulk hypermultiplet to be
even number. In order to make family mixing, we
have to have at least one family of brane fields for
quarks and leptons. The brane fields fold Dirac masses
with bulk hypermultiplets and the number of families
at low energy is equal to the difference between the
number of bulk hypermultiplets and the number of
brane superfields. Thus, in the minimal choice ofparticle contents, the model with family mixings has
3 families in the weak scale (we obtain the 3-family as
the minimal model with family mixing).
Finally, we comment about U(1)R symmetry. The
5D N = 1 supersymmetry corresponds to 4D N = 2
supersymmetry, and the boundary condition breaks the
N = 2 supersymmetry down toN = 1 supersymmetry.
The U(1)R symmetry can arise as a subgroup of the
SU(2)R in N = 2 supersymmetry algebra. We can
assign the U(1)R charge to the 4D fields appropriately.
The U(1)R symmetry can prohibit the dimension five
proton decay operators, and of course, there is no
dimension four operator in left–right model.
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